Detecting and characterizing the community structure of complex network is fundamental. We compare the classical optimization indexes of modularity and modularity density, which are quality indexes for a partition of a network into communities. Based on this, we propose a quantitative function for community partition, named communitarity or C value. We demonstrate that the quantitative is superior to modularity Q and modularity density D. Both theoretical and numerical results show that optimizing the new index not only can resolve small modules, but also can correctly identify the number of communities.
Introduction
Detecting clusters or communities in real-world networks such as large social or information networks is a problem of considerable interest. Community, also called module or cluster is typically thought of as a group of nodes with more interactions amongst its members than between its members and the remainder of the network [1] . However, the concept of community itself is qualitative, and its quantification is still a debated subject [2] [3] [4] [5] [6] [7] .
To extract such sets of nodes, choose an objective function that captures the qualitative definition of a community as a set of nodes with more internal connectivity than external connectivity. A widely used measure for evaluating the community structure of a network is called modularity (know as Q), which was introduced by Girvan and Newman [8, 9] . The function Q can be utilized to select an automatically optimal number of communities base on the maximize Q value. It was a very effective method and a class of methods aiming to maximize the modularity was developed. Santo Fortunato analyzed the modularity Q and pointed out the resolution limit of function Q, which may fail to identify modules smaller than a scale community [10] . Directed towards the drawback, Zhenping Li proposed modularity density function D, and proved maximal value D exactly corresponds to the correct partition [11] .
In this paper, we compare several common objective functions and methods that are used to formalize the quantification notion of a network community. Then, we propose a new quantitative function for community partition, i.e., community quantification or C value.
Classical Optimization Function
Quality Function: Modularity. The most popular quality function is the modularity of Newman and Girvan. The modularity is defined as follow:
Where in s l is the number of edges that connect vertexes within the module s, s d is the total degree of vertices within module s, L is the number of total edges of a network, and sum extends to all communities in a given network. The index provides a quantitative measurement to decide the best division of network, so maximizing modularity Q can detect communities. There are already many algorithms of maximizing Q such as extremal optimization (EO), Greedy algorithm and other optimal algorithms.
Unfortunately, modularity Q maximization problem was proved to be a NP problem. Moreover, it has been proved that modularity Q measurement may fail to identify modules smaller than a scale which depends on the total number L of links of the network. Modularity Density. Aim at overcoming the drawback of modularity Q, modularity density D was proposed based on the concept of average modularity degree. Modularity density D is defined as follow: Optimizing modularity density D is equal to a kernel k-means problem and overcome the problem of modularity Q. While the D value is unbounded which is not convenient to estimate how large is the max.
Function G f .Santo Fortunato proposes function G f , which detect the overlapping and hierarchical community structure in complex networks. The optimization function is as follow:
Where G in k and G out k are the total internal and external degrees of the nodes of module G, and α is a positive real-valued parameter, controlling the size of the communities. The fitness function is the fitness of node A with respect to module G, defined as the variation of the fitness of module G without node A. A G f is defined as follow: 
A New Quantitative Function
Relevant Definition. There is no quantitative definition of community structure. In most cases, the definition of community structure is the conclusion of algorithm, without a priori definition. Santo Fortunato introduces some basic definitions about intra-cluster, inter-cluster and network density. A New Quality Function: Communitarity. Modularity optimization may fail to identify modules smaller than a scale even in cases where modules are unambiguously defined. This scale depends on the total size of the network and on the degree of interconnectedness of the modules. Modularity density D optimization is a NP-hard problem due to the fact that the space of possible partitions grows faster than any power of system size. The D value is unbounded which is not convenient to estimate how large is the max.
We define a measure of the quality of a particular division of a network, which we call the communitarity. The index is based on relevant definition of community structure. Communitarity is defined as follow:
The difference of intra-cluster density and iter-cluster density indicate the extent of community denseness. C value is the average of summation of the all difference. The larger the value of C, the more accurate a partition is. So the community-detection problem can be viewed as a problem of finding a partition of a network such that its communitarity C is maximized.
Extrem Value Analysis
In Ref. [2] , the authors design a clique circle network made of m identical complete graphs, joint each other by minimal number of links(see Fig.1 ). The circle network owns distinct community structure, which is convenient to analysis and calculate the extreme value.
Base on it, we analysis modularity Q, modularity density D and communitarity C of the network with N nodes and L links. Extrem value of function Q. In 
For finding the maximum of Q, treat m as a real variable and take the derivative of QM(m,L) with respect to m The maximum DM(n) corresponds to the m is negative which is unmeaning. When 1 m≤ ,the value D is unmeaning. For the network structure, when m=2, the D value is maximum. So we can see, the result reflect not only the value self but also network structure. Extrem Value of Function C. In the network, the each community is complete graphs, so ( 1) / 2 
Which vanishes when m=2, the C value is maximum. The result is same as the result of Eq.13. The derived equation and the stability theory of differential equations explain the actual meaning of network structure.
Experimental Analysis
In this section, we design an idiographic circle network with 100 nodes, 4 identical clique and two adjacent cliques are connected by one edge. Calculate the different quality function in different partitions.
To address this issue, we proceed in two steps: first, we regard the network as 2 cliques and calculate the functions; after that, we regard the network as 4 cliques and calculate the functions.
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Modularity.
• If the network is divided into two partitions, i.e. m=2, in each clique, there are 50 nodes. The modularity of the network is Communitarity.
• When m=2, the communitarity of the network is Comparing the Result. The results confirm the provement about the extreme. When the network is divided into 2 cliques, the values are small. While the network is divided into 4 cliques, the values are the max. The number of cliques is less than L, so the modularity shows no fault. When we regard as 2 cliques, calculate the different quality function and get the value C is minimum value. When we correctly view as 4 partitions, the value C can accurate to 99.89%. So communitarity can accurately quantify community structure.
Conclusions
The community-detection problem can be viewed as optimization problem. We analyze in detail modularity and modularity density to community detection, Based on which we proposed an optimization function called communitarity for resolving community structure. The function use for reference of intra-cluster density and inter-cluster definitions can accurately quantify community structure.
We design an idiographic circle network to calculate the different optimization functions and compare the function result with modularity and modularity density. The result implies the function can resolve the network into correct communities.
The setup we have tested proves to be very reliable, but we cannot exclude that different choices yield even better results.
